One challenge to understanding mechanisms of behavior change (MOBC) completely among individuals with alcohol use disorder is that processes of change are theorized to be complex, dynamic (time varying), and at times non-linear, and they interact with each other to influence alcohol consumption. We used dynamical systems modeling to better understand MOBC within a cohort of problem drinkers undergoing treatment. We fit a mathematical model to ecological momentary assessment data from individual patients who successfully reduced their drinking by the end of the treatment. The model solutions agreed with the trend of the data reasonably well, suggesting the cohort patients have similar MOBC. This work demonstrates using a personalized approach to psychological research, which complements standard statistical approaches that are often applied at the population level.
Introduction
Such complexity presents challenges to both data collection and data analyses. One way to better understand these change processes is by collecting data on individuals as they interact with their natural environment in real time. Extensive, real time data collection can occur inexpensively, efficiently, and accurately using ecological momentary assessment (EMA), which is designed to collect ecologically valid data about behavior, thoughts, and feelings over time, while avoiding the pitfalls of retrospective recall (Shiffman, 2009 ).
In conjunction with EMA, mathematical modeling can be utilized to understand these complex, highly interactive, time varying, and non-linear data. While advanced statistical procedures can be used effectively with intensive, longitudinal datasets (e.g., Boker & Laurenceau, 2006) , such statistical procedures tend to reduce results to averages across individuals, thereby limiting the amount of information that might be gleaned from a particular dataset. Mathematical modeling provides an exciting compliment to such methods by modeling time varying relationships between variables and nonlinear systems represented by repeated measurement data (Davidian & Giltinan, 1995) .
Mathematical modeling has already been used as a method of understanding social behaviors.
Since cyclic patterns are a fundamental element of many psychological theories (Chow et al., 2009) , mathematical oscillator models have been utilized to help improve the understanding of these processes. For example, oscillation models have been used to describe the dynamics of several psychological constructs, such as emotion, stress and affect, and intimacy (Chow et al., 2005; Bisconti et al., 2004; Montpetit et al., 2010; Boker & Laurenceau, 2006) . Mathematical modeling efforts in the context of alcohol consumption have been mainly implemented at the population level.
For example, previous efforts applied mathematical epidemiology techniques to reflect alcoholrelated behavior in populations (Sánchez et al., 2007) .
Previously, a dynamical systems modeling approach was initiated to understand the changes in drinking behaviors at a personal level (Banks, Rehm, et al., 2014) . In this study, the authors investigated several key factors related to MOBC among individuals with AUD. In a subsequent study (Banks, Bekele-Maxwell, et al., 2016) , the authors then applied this new approach to build a preliminary model of behavior change. They relied on theories of behavior change related to substance abuse in developing the model and selecting four primary variables that vary over time.
In the present work, we extended this modeling effort. We first identified a cohort of participants from a sample of problem drinkers recruited into a randomized controlled trial of brief treatment for AUD called Project SMART (Morgenstern et al., 2012) . The participants selected for this cohort successfully reduced their drinking during treatment and were hypothesized to share the same underlying MOBC in alcohol consumption. We then developed and honed a mathematical model using each of their data during the iterative process of modeling to determine the relationships between the identified variables. how accurately the model describes the underlying psychological process. This evaluation should either confirm existing psychological theories or lead to a new psychological understanding of the relationships among the variables. The latter can then lead to model adjustment and a repeated cycle. The mathematical model quantifies how the key variables change over time and how they interact among each other.
The psychological process described by the mathematical model depends on parameters, which are often unknown or not directly measurable. These unknown parameters are often estimated by solving an inverse problem, which is, given an individual's dataset and mathematical model, the problem of estimating parameters that would generate such a dataset. The resulting parameters should minimize the distance between the model solution and the data. The model solution is personalized for that individual according to the particular set of parameters.
Before solving an inverse problem, the correct statistical error model needs to be identified in order to account for the uncertainty in the data (observation error). Misspecifying the error structure can lead to an incorrect estimation of the parameters (Banks, Hu, & Thompson, 2014; Banks & Tran, 2009) . If the error does not depend on the size of the observations (i.e., the error is evenly distributed across various observation sizes), an ordinary least squares method is appropriate for parameter estimation; if, however, the error depends on the size of the observation (i.e., the error does not remain constant over observation sizes), an Iterative Weighted Least Squares (IWLS) method is required.
To account for the uncertainty in the data, let Y i,j be a random variable associated with collected data for mathematical model variable i at time j. Consider the following statistical error model
. . .
where f 1 (t j ; θ θ θ 0 ), . . . , f 4 (t j ; θ θ θ 0 ) represent the mathematical model solution for variables alcohol consumption, norm violation, confidence, and commitment, respectively (see the mathematical model below) at time j with the nominal parameter vector θ θ θ 0 , which is assumed to exist. The term
represents the measurement error that causes the data to not exactly equal f i (t j ; θ θ θ 0 ).
We assume the random vector E j = (E 1,j , . . . , E 4,j ) T are independent and identically distributed (i.i.d) with mean zero. We represent the obtained data, y i,j , collected at time j for variable i, for j = 1, . . . , n by the following
where i,j is a realization of the random variable E i,j . See Banks, Bekele-Maxwell, et al. (2016) for further details on the statistical error model and implementation of the IWLS method.
In Banks, Bekele-Maxwell, et al. (2016) , the mathematical model was developed using one participant's data. In this study, we continue the iterative modeling process by both slightly improving the mathematical model and by applying this model to three additional patients who reduced their drinking. We fit the mathematical model to each of them and determined they shared a common set of mechanisms. These patients were then identified as a cohort.
Based on the psychological hypothesis presented in Banks, Bekele-Maxwell, et al. (2016) , we formulated the mathematical model. For each patient's dataset, we then determined the correct statistical error model using a second-order differencing method to quantify the observation error for alcohol consumption, norm violation, confidence, and commitment (Banks, Catenacci, & Hu, 2016) .
The results revealed that the IWLS method was appropriate in our case with γ γ γ = [γ 1 , γ 2 , γ 3 , γ 4 ], where γ 1 , γ 2 , γ 3 , and γ 4 correspond to alcohol consumption, norm violation, confidence, and commitment respectively for each individual patient. We finally solved the inverse problem to estimate the patient-specific mathematical model parameters and compare the model solution to each patient's dataset.
Mathematical Model
Here we present the mathematical model from Banks, Bekele-Maxwell, et al. (2016) with a modification that better quantifies the trend of commitment in the selected patients. A schematic ( Figure   2 ) representing the relationships among the variables is created based on prior psychological knowledge and observations of the data.
Timing of variables. The variable A(t) represents daily alcohol consumption, or the number of alcoholic drinks a person has consumed in the past 24 hours from time t (i.e., from time t − 1 to time t). V (t) represents norm violation on a particular day (time t). Norm violation also relates to the period between t − 1 and t. C f (t) represents the confidence level a person feels at time t that he can resist drinking heavily in the next 24 hours (i.e. from time t to time t + 1). C h (t) represents the commitment a person makes to not drink heavily in the next 24 hours at time t (i.e. from time t to time t + 1).
Schematic model to mathematical model. The model is built by formulating equations that represent the hypothesized relationships demonstrated in Figure 2 . Each arrow in the schematic diagram corresponds to a term in the model (Banks, Bekele-Maxwell, et al., 2016) . For example, arrow 2 in Figure 2 corresponds to term 2 in Equation (1a) such that if the participant feels that his drinking in the past 24 hours violated his personal norm, his drinking will decrease in the next 24 hours.
The mathematical model is given by the following
where
and
The equations above include the hypothesized MOBC based on theories of behavior change and our previous studies. For this particular model, we assume desire to be constant.
Individual equations. In Equation (1a), term 1 describes how the rate of change of alcohol consumption is increased by one's desire to drink, which is held constant here. 1. If the participant drinks heavily (more than 5 drinks in last 24 hours) and he feels committed, his confidence depends on the rate of alcohol consumption, dA dt ; if the patient's alcohol consumption is increasing (decreasing) over time, then his confidence will decrease (increase).
2. In addition, if the participant drinks less than 5 drinks in 24 hours, then his confidence will increase logistically ( Figure 3 ). The logistic model is well established and often used in biomathematics. For further information on this model, see (Banks, 1975; Kot, 2001) . When the participant first stops drinking heavily (R 1 , bottom of the curve), he will need to establish a habit of drinking lightly for a few days. As he gains a sense of mastery, his confidence will increase more quickly towards his maximum confidence level (R 2 , steep, middle of the curve).
After the participant has mastered this habit of drinking lightly, his increase in confidence slows as he "reaches" his maximum confidence level (R 3 , top of the curve).
Equation (1d) captures the hypothesis that a participant's motivation level (i.e., commitment)
increases as the treatment period progresses. We quantify this increase using a logistic model rather than the previous function presented in (Banks, Bekele-Maxwell, et al., 2016) to allow for a slower increase in commitment at the beginning of treatment.
Equation (1e) describes that the personal norm decreases during the treatment period.
Model Solutions Describing MOBC
Below we present the results for four participants (condition noted in parentheses), 1761 (MBSCT),
(MBSCT), 1474 (NTX + MBSCT) and 1460 (NTX). As we can see in Figures 4 -7, the model
describes the relationships among the variables reasonably well. The data in the figures are averaged weekly IVR data. As it will be described below, we use these averaged data to better show the overall trend of the data; we use patient 1474 to illustrate that as we average over 3, 5, and 7 days, it becomes more obvious that the trend in the data is captured by the model. Similar results can be found for all four patients in the supplemental material section. We then discuss the results for each patient.
Rationale of Using Average vs. Daily Data
As mentioned above, the model solutions presented for the four patients are fit to the IVR data averaged weekly in order to better show the trend of the data over the course of the treatment period. Initially, we fit the model to the daily IVR data. However, we were interested in modeling the general trend of the data rather than the daily fluctuations. Due to the nature of the data (qualitative or Likert type data (Likert, 1932)), we found that it is difficult to determine if the continuous model solutions follow the dynamics in the data on a fine scale. Therefore, we averaged the data over 3, 5, and 7 days and fit the model to these modified datasets.
To illustrate how averaging can better show the overall trend in the data, we present the results for a sample patient (PID 1474). In Figure 4b , 1761's norm violation data is often above an average value of 2 (Probably) in the first month and then decreases quickly towards 0 (Definitely Not) for the remainder of the treatment period. This behavior is captured by our model solution.
In Figures 4c and 4d , the data and model solution show that there is an increase in both confidence and commitment as the patient decreases his drinking level. The patient starts the treatment period with a confidence and commitment level of approximately 1.5 (Somewhat -Moderately) and then increases towards the maximum level of 4 (Extremely). Notice that in Figure 4c , the patient's confidence initially increases slowly until around day 30, at which point he stops drinking heavily.
His confidence then increases rapidly after he has mastered the habit of drinking moderately.
PID 1771. In Figure 5a , we can see that the patient successfully reduced his drinking from a heavy to a more moderate level (average 6.5 to 4.2 drinks per day). The model solution in Figure 5a expresses the overall reduction in number of drinks during the treatment period.
Although the patient's alcohol consumption decreases towards his personal norm, he never achieves this threshold. Note that the patient returns to drinking heavily around day 45. However, around this time the patient's confidence and commitment remain at his highest level, indicating that some other factor causes this high drinking. Thus our model solution does not reflect this.
In Figure 5b , the norm violation data and model solution decrease from a high level (Probably -Definitely) to a low level (Definitely Not -Possibly) over the treatment period. The patient does not ever reach an averaged value of 0 (Definitely Not), but remains around 0.5 towards the end of the treatment period. This is indicated by the fact that his alcohol consumption stays above his personal norm in Figure 5a . We note that the patient has a higher norm violation around day 45 due to the heavy drinking around the same time.
In Figures 5c and 5d , the patient's confidence and commitment increase from approximately a level of 1 (Somewhat) to a level of 3 (Very) within the first month, and then remain at this level for the rest of the treatment period, as represented by both the data and model solutions.
Overall, this patient stops drinking heavily about a month into treatment. After this point, all four variables remain somewhat constant, indicating that he is most likely satisfied with his drinking habit (Not Drinking Heavily).
PID 1474. In Figure 6a we can see that, even though the data is a little sporadic, the trend of the patient's alcohol consumption decreases from heavy drinking to below an average of 4 drinks per day towards the end of the treatment period. The model solution follows a similar pattern. It also indicates that the patient reaches his personal norm around day 80, which is reasonable because his norm violation goes to an average value of 0 around the same day ( Figure   6b ).
Again, although the patient's norm violation data is a bit scattered (Figure 6b ), overall we see a decrease over the treatment period. This decrease in norm violation is significant around day 80, which the model solution also agrees with.
In Figure 6c , the data shows that the patient's confidence remains low until around day 65, at which point it increases to 3 (Very Confident). This is reflected in the model solution, as confidence starts to increase immediately after the patient stops drinking heavily around day 65. Similarly, the model solution for commitment follows an overall increasing trend in commitment data ( Figure 6d ).
PID 1460. In Figure 7a , the patient starts the treatment period drinking heavily and then reduces his drinking on average to just below the heavy drinking threshold. These dynamics are well captured by the model solution. We note that this patient remains below his personal norm over the course of the treatment period, which explains why his norm violation data and solution decreases quickly to zero and remain there (Figure 7b ). This suggests that norm violation is not as significant as confidence and commitment in reducing the patient's alcohol consumption.
In Figures 7c and 7d , we can see that although the confidence and commitment data are dispersed, the model solutions are able to exhibit the general increasing trend.
Discussion
This study used mathematical modeling as a complementary method to standard statistical approaches to help understand the dynamic process of behavior change in the context of alcohol use disorder. It demonstrates how mathematical modeling can be a tool to examine mechanisms underlying drinking reduction with a focus at the individual level, and in doing so, nuanced relationships between variables can be identified that might not have otherwise been determined through traditional statistical methods. By building upon the work by Banks, Bekele-Maxwell, et al. (2016) , this study extended the iterative effort of improving the original model by applying the model to three additional "treatment responders"-individuals who dramatically reduced their drinking during the study period and had more complete data. We fit the mathematical model to each patient's data to determine whether a common set of mechanisms emerged, such that the decrease in their 
Study Limitations
Given the developmental nature of this work, there are several study limitations to consider. Even though recent studies Kuerbis et al., 2014) were utilized to help us understand how the key variables interact with each other over time, the modeling process is slow due to the lack of previous work considering inter-and intra-personal factors relating to behavior change in patients with AUD that include non-linear relationships. In addition, this study employed a secondary data analysis design where data were not collected for modeling purposes.
Thus, the inability to identify a strong linear trend using daily data may reflect limitations in the data collection. For example, confidence, commitment, and norm violation were measured as discrete ordinal variables, whereas they are generally modeled as continuous variables since a patient probably feels a continuous change instead of a sudden jump from one level to another.
New data is currently being collected that includes more response options to improve the quality of data in preparation for a next round of modeling. Furthermore, we utilized visual inspection and analysis of alcohol consumption to determine which participants to include in the iterative model development process, which inherently impacts the model results. This method also does not allow for generalizability to a larger group until the model has been tested for fit across a larger group of participants. The next step in our research will be to see if the model successfully applies to a wider group of problem drinkers who respond to treatment and have less complete data. Given the sample used in this study, potential mechanisms identified here can only initially be considered to apply to problem drinking MSM rather than a wider population of problem drinkers.
Conclusion
Increasingly, behavior change is being seen as a complex, dynamic phenomena that operates at an individual level (Riley et al., 2011 
